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RolandoSomma,GerardoOrtiz, EmanuelKnill, andJamesGubernatis
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(Dated:June6, 2003)

Abstract

If a largeQuantumComputer(QC) existedtoday, what type of physicalproblemscould we efficiently

simulateon it thatwe couldnot efficiently simulateon a classicalTuring machine?In this paperwe argue

that a QC could solve somerelevant physical“questions”moreefficiently. The existenceof one-to-one

mappingsbetweendifferentalgebrasof observablesorbetweendifferentHilbert spacesallow usto represent

andimitateany physicalsystemby any otherone(e.g.,abosonicsystemby aspin-1/2system).Weexplain

how thesemappingscanbeperformed,andwe show quantumnetworksusefulfor theefficient evaluation

of somephysicalproperties,suchascorrelationfunctionsandenergy spectra.

PACSnumbers:Keywords: quantummechanics,quantumcomputing,identicalparticles,spinsystems,generalized

Jordan-Wignertransformations
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I. INTRODUCTION

Quantumsimulationof physicalsystemson a QC hasacquiredimportanceduring the last

yearssinceit is believed thatQCscansimulatequantumphysicsproblemsmoreefficiently than

their classicalanalogues[1–4]: The numberof operationsneededfor deterministically solving

a quantummany-body problemon a classicalcomputer(CC) increasesexponentiallywith the

numberof degreesof freedomof thesystem.

In quantummechanics,eachphysicalsystemhasassociatedwith it a languageof operators

andan algebrarealizing this language,andcanbe consideredasa possiblemodelof quantum

computation[3]. As we discussedin a previous paper[5], theexistenceof one-to-onemappings

betweendifferent languages(e.g., the Jordan-Wigner transformation[6, 7] that mapsfermionic

operatorsontospin-1/2operators)andbetweenquantumstatesof differentHilbert spacesallows

thequantumsimulationof onephysicalsystemby any otherone. For example,a liquid nuclear

magneticresonanceQC (NMR) cansimulatea systemof
�
He atoms(hard-corebosons)because

anisomorphicmappingbetweenthetwo algebrasof observablesexists.

The existenceof mappingsbetweenoperatorsallows us to constructquantumnetworks from

setsof elementarygates,to which we mapthe operatorsof our physicalsystem.An important

remarkis thatthesemappingscanbeperformedefficiently: weneedanumberof stepsthatscales

polynomially with the systemsize. However, this fact aloneis not sufficient to establishthat

any quantumproblemcan be solved efficiently. One needsto show that all stepsinvolved in

the simulation(i.e., preparationof the initial state,evolution, measurement,and measurement

control) can be performedwith polynomial complexity. For example, the numberof different

eigenvaluesin thetwo-dimensionalHubbardmodelscalesexponentially with thesystemsize,so

QC algorithmsfor obtainingits energy spectrumwill also requirea numberof operationsthat

scalesexponentially with thesystemsize[5].

Generically, given a physicalsystemover which we have quantumcontrol, its operatoralge-

bra canbe associatedwith a possiblemodelof computation[5, 8]. In this paper, we consider

the simulationof any physicalsystemby the standardmodelof quantumcomputation(spin-1/2

system),sincethis might bethelanguageneededfor thepracticalimplementationof thequantum

algorithms(e.g.,NMR). Therefore,the complexity of the quantumalgorithmsis analyzedfrom

thepointof view of thenumberof resources(elementarygates)neededfor their implementationin

thelanguageof thestandardmodel.If anothermodelof computationwereused,onewould follow
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thesamequalitative steps(presentedin this paper)althoughthemappingsandnetwork structure

would bedifferent.

The main purposeof this manuscriptis to presenta pedagogicalreview of previous works

([3, 5]) on thesimulationof physicalphenomenausinga QC, includinga new sectionexplaining

thesimulationof systemsof particlesobeying canonicalbosons’commutationrelations.We or-

ganizedthepaperin thefollowing way: In sectionII we describethestandardmodelof quantum

computation(spin-1/2system).SectionIII shows the mappingsbetweenphysicalsystemsgov-

ernedby a generalizedPauli’s exclusionprinciple(fermions,etc.)andthestandardmodel,giving

examplesof algorithmsfor the first two steps(preparationof the initial stateandevolution) of

the quantumsimulation. In sectionIV we develop similar stepsfor the simulationof quantum

systemswhoselanguagehasan infinite-dimensionalrepresentation,thus, thereis no exclusion

principle (e.g.,canonicalbosons).In sectionV we explain themeasurementprocessusedto ex-

tract informationof somerelevant andgenericphysicalproperties,suchascorrelationfunctions

andenergy spectra.We concludewith a discussionaboutefficiency andquantumerrors(section

VI) andasummaryaboutthegeneralstatements(sectionVII).

II. STANDARD MODEL OF QUANTUM COMPUTATION

In thestandardmodelof quantumcomputation,thefundamentalunit is thequbit, represented

by atwo level quantumsystemwith statesof theform
�������	�
������
��������

. For aspin-1/2particle,for

example,thetwo “levels” arethetwo differentorientationsof thespin,
� �����������

and
� �����������

. In

thismodel,thealgebraassignedto asystemof � -qubitsis built uponthePauli spin-1/2operators���� , ��� and ���! actingon the " -th qubit (individual qubit). The commutationrelationsfor these

operatorssatisfyan

#$%'&
(�)+*-,/.�0 % algebradefinedby ( 13254�276 �98 2;:<2>= )? � �@ 2 �BACED � .�FHG � A7I @ C>J � � J 2 (1)

where
?�K 2ML D �9K LONPL K and I @ C>J is thetotally anti-symmetricLevi-Civita symbol.Sometimesit

is usefulto write thecommutationrelationsin termsof theraisingandloweringspin-1/2operators� � Q � � � �SR F � � . T (2)

Any computationonaQCis representedby aunitaryoperatorU thatevolvessomeinitial state

in a way thatsatisfiesthetime-dependentSchr̈odingerequationfor someHamiltonian V ,XW>0 . Any
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unitary operation(evolution) U appliedto a systemof � qubits canbe implementedon a QC

by decomposingit into singlequbit rotations Y � @ ,[Z\0 �^]`_ %ba c+dfeg
by an angle Z aboutthe 1 axis,

and two qubits Ising interactionsY ! ebh !5i �j] %lkmd en d in
. (Theseelementaryoperationsconstitutea

setof elementarygates).That this decompositionis possibleis an importantresultof quantum

information. It implies thatwith the given elementarygatesonecanperformuniversalquantum

computation.Other, equivalentsetsof elementarygatescanbechosen.For example,wecouldalso

performuniversalquantumcomputationwith singlequbit rotationsandC-NOT gates[9] or even

with differentcontrol Hamiltonians.The crucial point is that we needto have quantumcontrol

over thoseelementaryoperationsin the real physicalsystem.The complexity of a computation

is given by the numberof (elementary)gatesused. Which universalgateset is useddoesnot

significantlyaffect the complexity of a computation,provided that the gatesact on at most two

qubitsat a time.

In thefollowing, we will write down our algorithmsin termsof singlequbit rotationsandtwo

qubits Ising interactions,sincethis is the languageneededfor the implementationof the algo-

rithms,for example,in a liquid NMR QC.If weusedadifferentsetof local,universalelementary

gates,our mainresultsstill hold but with modifiedquantumnetworks.

As anexampleof suchdecompositions,we considertheunitaryoperatorU ,XWo0 �p] %rqts
, whereV �vu � (� �Bw! �Bx� representsa time-independent Hamiltonian.After somesimplecalculations[3, 5]

we decomposeU into elementarygates(onequbit rotationsandtwo qubits interactions)in the

following wayU ,XWo0 �y] %�zEd|{} d cn d�~} s �	] _ %�� �Ed+~� ] %b� �EdE{n d+~n ] %�� �EdE{} ] %rzEdE{n d cn s ] _ %�� �EdE{} ] _ %b��|dE{n d+~n ] %b� �Ed�~� T (3)

Thisdecompositionis shown in Fig. 1,wherethequantumnetwork representationis displayed.

In thesameway, wecouldalsodecomposeanoperatorU�� ,XW>0 �	] _ %�zEd|{� d cn d+~� s usingsimilarstepsbut

replacing������ ��� in theright handsideof Eq. 3.

III. SIMULATION OF FERMIONIC SYSTEMS

As discussedin the Introduction,quantumsimulationsrequiresimulationsof systemswith

diversedegreesof freedomand particle statistics. Fermionicsystemsare governedby Pauli’s

exclusionprinciple,which implies thatno morethanonefermioncanoccupy thesamequantum

stateat thesametime. In this way, theHilbert spaceof quantumstatesthatrepresenta systemof
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FIG.1: Decompositionof theunitaryoperatorª¬«X­H®°¯²± %rzEd {} d cn d ~} s into elementarysinglequbit rotationsand

two qubitsinteractions.Time ­ increasesfrom left to right.

fermionsin asolid is finite-dimensional( . # for spinlessfermions,where� is thenumberof sites

or modesin the solid), andonecould imaginein theexistenceof one-to-onemappingsbetween

the fermionic and Pauli’s spin-1/2algebras. Similarly, any languagewhich involves operators

with a finite-dimensionalrepresentation(e.g.,hard-corebosons,higherirrepsof )f*t,/.m0 , etc.) can

beisomorphicallymappedontothestandardmodellanguage[6–8].

In thesecondquantizationrepresentation, the(spinless)fermionicoperators³7´� ( ³ � ) aredefined

as the creation(annihilation)operatorsof a fermion in the " -th mode(" �j� 2+µ�µ+µE25� ). Due to

thePauli’s exclusionprincipleandtheantisymmetricnatureof thefermionicwave functionunder

the permutationof two fermions,the fermionic algebrais given by the following commutation
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relations ¶ ³ % 25³ �+· �	� 2 ¶ ³7´% 25³ �E· � G % � (4)

where

¶ 2 · denotestheanticommutator(i.e.,

¶ K 25L · �¸K L 
 L K ).

TheJordan-Wignertransformation[6, 7] is theisomorphicmappingthatallows thedescription

of a fermionicsystemby thestandardmodel

³ �º¹ » � _ (¼ ½ &
( N �
½!f¾ � � _ (5)

³ ´� ¹ » � _ (¼ ½ &B( N �
½!7¾¿� � À 2 (6)

where � %@ arethePauli operatorsdefinedin sectionII. Onecaneasilyverify that if theoperators� %@ satisfythe )f*t,/.m0 commutationrelations(Eq. 1), theoperators³7´� and ³ � obey Eqs.4.

It is importantto remarkthattheJordan-Wigner transformationis anisomorphicmappingbe-

tweenoperatoralgebrasandis independentof theHamiltonianof thefermionicsystemwewantto

simulate.DifferentHamiltoniansestablishdifferentconnections(connectivity) betweenfermionic

modes.Historically, Eqs. 5 and6 correspondto latticesin onespacedimension.Nevertheless,

it is alsovalid for lattice systemsin any dimension,sincethe set of modes" is countable. In

particular, thesetof all orderedÁ -tuplesof integerscanbeplacedin one-to-onecorrespondence

with thesetof integers.For example,thesimulationof atwo dimensionalfermioniclatticesystem

canbe doneby re-mappingeachmode ,/Â 2>Ã 0 into a new setof modesas " � Ã 
 ,/Â N � 0 � � ,
where

? Â �Ä� µ+µ+µ+�  D and
? Ã �Å� µ+µ�µ7� � D areintegernumbersthatrefer to thepositionof a site in

the lattice,and � � and �  arethenumberof sites(modes)in the
8

and : directionrespectively.

The point is, however, that the Hamiltonianin the new mode-labelconnectssites separatedby

distancesof order Æ , � � 0 , but thecomplexity of thesimulationremainspolynomial.In particular,

thesimulationof thetwo dimensionalHubbardmodelis shown in Ref. [5].

Wenow needto show how to simulateafermionicsystemby aQC.Justasfor asimulationona

CC, thequantumsimulationhasthreebasicsteps:thepreparationof aninitial state,theevolution

of this state,andthe measurementof a relevant physicalpropertyof the evolved state. We will

now explain thefirst two steps,postponingthethird until sectionV.
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A. Preparation of the initial state

In the most generalcase,any quantumstate
�ÈÇÉ�

of �ËÊ fermionscan be written as a linear

combinationof Slaterdeterminants
��Ì z � � ÇÉ�É� ÍÎz`&
(ÐÏ z ��Ì z � 2 (7)

where �ÑÌ z ��� #
Ò¼� &B( ³f´� � Ó��EÔ`� (8)

with the vacuumstate
� Ó���Ô��

definedasthe statewith no fermions: ³ � � Ó��EÔ��Õ�^�SÖ " . In the spin

language,
� Ó��EÔ`���p� ��� µ�µ+µ ��� .

Thecommutationrelationsof fermionicoperatorsshown in Eqs.4, where ³ ´% ³ ´� � N×³ ´� ³ ´% if F¬Ø�" , imply that the Slaterdeterminants
�ÑÌ z � areantisymmetricunderthe permutationof any two

fermions.

We caneasilypreparethe states
��Ì z � by noticing that the quantumgate,representedby the

unitaryoperator U-Ù �	] % � c�Ú�ÛXÜ À Û[ÝÜ\Þ
(9)

whenactingon thevacuumstate,createsaparticlein the Ã -th mode.In otherwords, U-Ù � Ó��EÔ`�É�] % � c ³ ´Ù � Ó��EÔ`� . Making useof the Jordan-Wigner transformation(Eqs. 5 and6), we canwrite the

operatorsU-Ù in thespinlanguage U-Ù �	] %�� c d Ü} Ü
ß {àeXá { _ d7en T (10)

The successive applicationof �ËÊ similar unitary operatorswill generatethe state
��Ì z � up to an

irrelevantglobalphase.

A detailedpreparationof thefermionicstate
� ÇÉ�É� Íâz`&
( Ï z �ÑÌ z � canbefoundin apreviouswork

[3]. Thebasicideais to use ã extra (ancilla)qubits,thenperformunitaryevolutionscontrolledin

thestateof theancillas,andfinally performa measurementof the = -componentof thespinof the

ancillas.In thisway, theprobabilityof successfulpreparationof
�ÈÇÉ�

is
��ä ã . (Weneedof theorder

of ã trialsbeforea successfulpreparation.)

Anotherimportantcaseis thepreparationof a Slaterdeterminantin a differentbasisthanthe

onegivenbefore �ÑÌ�å��æ� # Ò¼� &
(�ç ´� � Ó��EÔ`� 2 (11)
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wherethefermionicoperatorsç ´� ’s arerelatedto theoperators³ ´� throughthefollowing canonical

transformation N¹ ç ´ �	] %'è N¹ ³ ´ (12)

with
N¹ ç ´ � , ç ´ ( 2 ç ´w 2+µ+µ�µ|2 ç ´# 0 , N¹ ³ ´ � , ³f´ ( 25³7´w 2+µ+µ+µE2M³7´# 0 , and é is an � êë� Hermitian matrix.

Making useof Thouless’s theorem[10], we observe thatoneSlaterdeterminantevolvesinto the

other,
�ÑÌ�å<�ì� U ��Ì z � , wheretheunitaryoperatorU �v] _ % N¹ ³ Ý è N¹ ³ canbewritten in spinoperators

using the Jordan-Wigner transformationand can be decomposedinto elementarygates[5], as

describedin sectionII. Sincethenumberof gatesscalespolynomiallywith thesystemsize(the

operatorN¹ ³ ´ é N¹ ³ is a sumof a numberof termsthatscalespolynomiallywith � ), thestate
��Ì�å��

canbeefficiently preparedfrom thestate
�ÑÌ z � , asexplainedin thenext section.

B. Evolution of the initial state

Thesecondstepin thequantumsimulationis theevolution of theinitial state.Theunitaryevo-

lution operatorof atime-independentHamiltonianV is U ,XWo0 �	] %rq-s
. In general,V �	íî
ðï

withí
representingthekinetic energy and

ï
thepotentialenergy. Sincewe usuallyhave

?�í 2 ï D Ø�v�
,

the decompositionof U ,XWo0 , written in the spin languagethroughthe Jordan-Wigner transforma-

tion (Eqs.5 and6), in termsof elementarygates(onequbit rotationsandtwo qubitsinteractions),

becomescomplicated.To avoid this problem,we insteadusea Trotterdecomposition,sotheevo-

lution duringa shortperiodof time ( ñ W � W ä5ò with ñ W ¹ �
) is approximated.To order Æ , ñ Wo0

(first orderTrotterbreakup)

U ,XWo0 � ó¼ô &B( U , ñ W>0 2 (13)U , ñ Wo0 �j] %rq3õBs �y] % Ú÷ö À�ø Þ õBs3ù ] % ö õBs ] % ø õBs T (14)

Thepotentialenergy
ï

is usuallya sumof commutingdiagonalterms,andthedecomposition

of
] % ø õBs

into elementarygatesis straightforward. However, thekineticenergy
í

is usuallya sum

of noncommutingtermsof theform ³ ´� ³ A 
 ³ ´A ³ � (bilinear fermionicoperators),sowe needagain

to performaTrotterapproximationof theoperator
] % ö õBs

. As anexampleof suchadecomposition,

weconsidera typical term
] % Ú�Û Ýe Û i À Û Ýi Û e Þ õBs ("ûú9ü ), whenmappedontothespinlanguagegives] _�ýcEÚ d7e} d i} À d7e� d i� Þ i ß {àþ áEeXÿ { Ú _ d þn Þ �y] _ ýc d7e} d i} i ß {àþ áEeXÿ { Ú _ d þn Þ ] _�ýc dfe� d i� i ß {àþ áEeXÿ { Ú _ d þn Þ T (15)
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The decompositionof eachterm on the right handsideof Eq. 15 into elementarygateswas

alreadydescribedin previous work [5]. In sectionII andFig. 1, we alsoshowedanexampleof

suchadecompositionfor " ���
and ü � �

. It is importantto mentionthattherequirednumberof

elementarygatesscalespolynomiallywith thelength
� ü�N�" � . Noticethatthisstepis notnecessary

for bosonicsystemssincenostringof � ½! operatorsis involved(seesectionIV).

Theaccuracy of this methodincreasesas ñ W decreases,sowe might requirea largenumberof

gatesto performtheevolutionwith smallerrors.Toovercomethisproblem,onecoulduseaTrotter

approximationof higherorderin ñ W [11]. PhysicalHamiltonianswith higherorderproductsof

creationandannihilationoperatorscanalsobeefficiently simulated.

C. Generalization: simulation of anyonic systems

The conceptsdescribedin sectionsIII A and III B can be easily generalizedto other more

generalparticlestatistics,namelyhard-coreanyons. By “hard-core”,we meanthat only zeroor

oneparticlecanoccupy asinglemode(Pauli’s exclusionprinciple).

Thecommutationrelationsbetweentheanyonic creationandannihilationoperators
� ´% and

� % ,
aregivenby ?�� % 2 � � D�� � ?�� ´% 2 � ´� D�� �	� 2?�� % 2 � ´� D _ � � G % � , � N , ] _ % � 
9� 0�� � 0 2 (16)? � % 2 � ´� D � G % � � ´� 2
( F � " ) where� � � � ´� � � , ?��K 2 �L D�� � �K	�L N ] % � �L �K

, with
� ��
 ú .
� definingthestatisticalangle.

In particular,

 � � mod(.
� ) correspondsto canonicalspinlessfermions,while


 � �
mod(.
� )

representshard-corebosons.

In orderto simulatethis problemwith a QC madeof qubits,we needto apply the following

isomorphicandefficient mappingbetweenalgebras� ´� � ¼ ½ � � ? ] _ % � 
9�. 
 ] _ % � N �. � ½! D � � À 2� � � ¼ ½ � � ? ] % � 
	�. 
 ] % � N �. � ½! D � � _ 2 (17)

� � � �. , �É
 � �! 0 2
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wherethePauli operators� %@ wheredefinedin sectionII, andsincethey satisfyEq. 1, thecorre-

spondingcommutationrelationsfor theanyonic operators(Eqs.16)aresatisfied,too.

We cannow proceedin thesameway asin the fermioniccase,writing our anyonic evolution

operatorin termsof singlequbit rotationsandtwo qubits interactionsin the spin-1/2language.

As we alreadymentioned,anyon statisticshave fermion andhard-corebosonstatisticsaslimit-

ing cases.In the next sectionwe relax the hard-coreconditionon the bosonsandconsiderthe

importantcaseof canonicalbosons.

IV. SIMULATION OF BOSONIC SYSTEMS

Quantumcomputationis basedon the manipulationof quantumsystemsthatpossessa finite

numberof degreesof freedom(e.g.,qubits). From this point of view, the simulationof bosonic

systemsappearsto be impossible,sincethenon-existenceof anexclusionprinciple implies that

the Hilbert spaceusedto representbosonicquantumsatesis infinite-dimensional; that is, there

is no limit to the numberof bosonsthat canoccupy a given mode " . However, sometimeswe

mightbeinterestedin simulatingandstudyingpropertiessuchthattheuseof thecompleteHilbert

spaceis unnecessary, andonly afinite sub-basisof statesis sufficient. This is thecasefor physical

systemswith interactionsgivenby theHamiltonian

V � #Î% h � &B( u % � � ´% � � 
�� % � �� % �� � 2 (18)

wheretheoperators
� ´% (

� % ) create(destroy) abosonat site F , and �� % �y� ´% � % is thenumberoperator;

thatis � ´% � � ( 2 � w 2+µ+µ�µ|2 � % 2+µ+µ�µ|2 � # � � � � % 
9�×� � ( 2 � w 2�µ+µ+µ`2 � % 
¸� 2+µ+µ+µE2 � # � 2 (19)� % � � ( 2 � w 2+µ+µ�µ|2 � % 2+µ+µ�µ|2 � # � � � � % � � ( 2 � w 2+µ+µ+µE2 � % N � 2+µ+µ�µ|2 � # � 2 (20)�� % � � ( 2 � w 2+µ+µ�µ|2 � % 2+µ+µ�µ|2 � # � � � % � � ( 2 � w 2+µ+µ+µ`2 � % 2+µ+µ+µE2 � # � 2 (21)

wherethebosonicstate
� � ( 2 � w 2+µ+µ+µE2 � % 2+µ+µ+µ`2 � # � representsa quantumstatewith � % bosonsin theF -th site.

Thespacedimensionof thelatticeis encodedin theparameters
u % � and

� % � of theHamiltonian.

Obviously, thetotal numberof bosons��� in thesystemis conserved,andwerestrictourselvesto

work with afinite sub-basisof states,wherethedimensiondependson thevalueof ��� .
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The correspondingbosoniccommutationrelations(in an infinite-dimensional Hilbert space)

are ?�� % 2 � � D �	� 2 ?l� % 2 � ´� D � G % � T (22)

However, if the operators
� ´% are restricted to the finite basis of states representedby¶ � � ( 2 � w 2+µ+µ+µ`2 � # � with � % � � 2+µ+µ+µE25��� · , where ��� is themaximumnumberof bosonspersite,

thenthey have thefollowing matrix representation(seeEq. 19)� � ´% � � ��� µ�µ+µ �	� ��� �� ´�������% �"! factor

�Õ� �#� µ�µ+µ �	� �
(23)

where
�

indicatesthe usualtensorialproductbetweenmatrices,andthe , ��� 
 � 0 ê , ��� 
v� 0
dimensionalmatrices

�$�
and

�� ´ aregivenby

�$�°�
%&&&&&&&'
� � � µ�µ+µ �� � � µ�µ+µ �� � � µ�µ+µ �
...

...
... µ�µ+µ ...� � � µ�µ+µ �

(*)))))))+ ,
�� ´ �

%&&&&&&&'
� � � µ+µ�µ � �� � � µ+µ�µ � �� � . � µ+µ�µ � �
...

...
... µ+µ�µ ...

...� � � µ+µ�µ � ��� �
(*)))))))+ T (24)

It is importantto notethat in this finite basis,thecommutationrelationsof the
� � ´% differ from the

standardbosonicones(Eq. 22) [8]? � � % 2 � � � D �y� 2 ? � � % 2 � � ´� D � G % ��, � N ��� 
	����.- , � � ´% 0 #0/ , � � % 0 #1/32 2 (25)

andclearly , � � ´% 0 #1/ À ( �	�
.

As we mentionedin the Introduction,our goal is to simulateany physicalsystemin a QC

madeof qubits.For this purpose,we needto mapthebosonicalgebrainto thespin-1/2language.

However, sinceEqs. 25 imply that the linear spanof the operators
� � ´% and

� � % is not closedunder

thebracket (commutator),adirectmappingbetweenthebosonicalgebraandthespin-1/2algebra

(suchasthecaseof theJordan-Wignertransformationbetweenthefermionicandspin-1/2algebra)

is not possible.Therefore,we could imaginein a one-to-onemappingbetweenthe bosonicand

spin-1/2quantumstates,insteadof anisomorphicmappingbetweenalgebras.We will now show

onepossiblesuchmappingof quantumstates.

We startby consideringonly the F -th site in thechain. Sincethis sitecanbeoccupiedwith at

most ��� bosons,it is possibleto associatean ��� 
O� qubitsquantumstateto eachparticlenumber
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state,in thefollowing way �Ñ��� % � ���54;� ( � w µ+µ+µ � # / � %�r�`� % � ���54;� ( � w µ+µ+µ � #1/ � %� . � % � ���54;� ( � w µ+µ+µ � # / � % (26)
...

...� ��� � % � ���54;� ( � w µ+µ+µ � # / � %
where

� � � % denotesaquantumstatewith � bosonsin site F . Therefore,weneed� , ��� 
¿� 0 qubits

for thesimulation(where� is thenumberof sites).In Fig. 2 weshow anexampleof thismapping

for aquantumstatewith 7 bosonsin achainof 5 sites,wherethemaximumnumberof bosonsper

siteis ��� � �
.

By definition(seeEqs.19,23,and24)
� � ´% � � � % �	� � 
9�×� � 
	�|� % , sotheoperator� � ´% � # / _ (Î6 & 4 � � 
	� � 6 h %_ � 6 À ( h %À 2 (27)

wherethepair ,7� 2 FH0 indicatesthequbit � thatrepresentsthe F -th site,actsin the ��� 
Õ� qubitsstates

of Eqs. 26 as
� � ´% � �84 µ+µ+µ � 6 _ ( � 6 � 6 À ( µ+µ+µ � # / � % � � � 
	� �È�54 µ+µ+µ � 6 � 6 À ( � 6 À w µ+µ�µ � # / � % . Then,its

matrix representationin this basisis thesamematrix representationof
� ´% in thebasisof bosonic

states.Similarly, thenumberoperatorcanbewritten�� % � #1/Î6 & 4 � � 6 h %! 
	�. 2 (28)

and act as
�� % � �54 µ�µ+µ � 6 _ ( � 6 � 6 À ( µ+µ+µ � #0/ � % � � � �54 µ�µ+µ � 6 � 6 À ( � 6 À w µ+µ+µ � #0/ � % . Notice that? � � ´% 2 â # /6 & 4 � 6 h %! D �v�

, which meansthat theseoperatorsconserve thetotal = -componentof thespin

and,thus,alwayskeepstateswithin thesamesubspace.

Wecannow write down theHamiltonianin Eq. 18 in thespin-1/2algebraasV � #Î% h � &B( u % � � � ´% � � � 
�� % � �� % �� � 2 (29)

wheretheoperators
� � ´% (

� � % ) aregivenby Eq. 27 and
�� % by Eq. 28. In this way, we obtainphysical

propertiesof thebosonicsystem(suchasthemeanvalueof anobservable,themeanvalueof the

evolutionoperator, etc.) in aQCmadeof qubits.It is importanttonotethatthetypeof Hamiltonian

givenby Eq. 18 is not theonly onesimulatableusingthedescribedmethod.Theonly constraint

is afixedmaximumnumberof bosonspersite(or mode).
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FIG. 2: Mappingof thebosonicstate a$b zdc , of achainof 5 sitesand7 bosons( e � ¯gf ), into aspin-1/2state

(Eq. 26).

A. Preparation of the initial state

As in thefermioniccase,themostgeneralbosonicstateof an � sitesquantumsystemwith ���
bosonscanbewritten asa linearcombinationof productstateslike��Ì z ���ih , � ´ ( 0 6 { , � ´w 0 6 c µ+µ�µ , � ´# 0 6�j � Ó��EÔ`� 2 (30)

where
h

is a normalizationfactor, � % is the numberof bosonsat site F (

#â%'&B( � % � ��� ), and
� Ó��EÔ`�

is the bosonvacuumstate(no particlestate). Using the mappingdescribedin Eq. 26, we can

write thevacuumstatein thespin languageas
� Ó��EÔ`�×�^� �84;� ( µ+µ+µ � # / � ( � µ+µ+µ � � �845� ( µ+µ+µ � # / � #

and
��Ì z � � �È�54 µ+µ+µ � 6 { µ+µ+µ � # / � ( � µ+µ+µ � �È�54 µ+µ+µ � 6�j µ+µ+µ � # / � # (seeFig. 2 for an example).

Therefore,the preparationof
��Ì z � in a QC madeof qubits is aneasyprocess:only � spinsare

flippedfrom thefully polarizedstate,whereall spinsarepointingdown.

The preparationof a bosonicinitial stateof the form
� ÇS�û� Íâz`&B( Ï z �ÑÌ z � is realizedasin the

fermioniccase.Again,weneedto add ã ancillas(extra qubits),performcontrolledevolutionson
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their states,andfinally performameasurementof anspincomponent[3].

B. Evolution of the initial state

Thebasicideais to usethefirst orderTrotterapproximation(seethefermioniccase)to separate

thosetermsof theHamiltonianthatbelongto thekinetic energy
í

, from theonesthatbelongto

thepotentialenergy
ï

( V �	í 
 ï
,
?�í 2 ï D Ø�	�

), i.e.,] %rq3õBs ù ] % ö õ
s ] % ø õBs T (31)

klmn
o
p
q
r

sQtu�vxwy v{z| v~}| v~�y��

������� ������
� � � ��� ��

s��L��� � vxw� v~�� sx� � � v{z� v~}� � � � �`����
� �O� � � �Q�� s tu vxw� v{z� � � ����� � ����

� � � � �L��
s`�L� � � v{z� v~}�

s7� � � vxw� v~��

� ����� ��� ��
� � � ������

�
FIG. 3: Decompositionof the unitary operator ª¬«X­H® ¯ ± ý� dE{} d c� d+~� d �} s into singlequbit rotationsand two

qubitsinteractions.Time ­ increasesfrom left to right.

In general,
í

is a sum of non commutingtermsof the form
� ´A � ½ 
�� ´½ � A , and we needto

performanotherfirst orderTrotter approximationto decomposeit into elementarygates(in the
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spin language).Then,a typical term
] % Ú�� Ýi � þ À � Ýþ � i Þ s whenmappedonto thespin language(Eq. 27)

gives���3� ? F[W� #0/ _ (Î6 h 6¡  & 40¢ ,7� 
9� 07,7� � 
9� 0 ? , � 6 h A� � 6 À ( h A� 
 � 6 h A � 6 À ( h A 07, � 6   h ½� � 6   À ( h ½� 
 � 6   h ½ � 6   À ( h ½ 0
 , � 6 h A�Ä� 6 À ( h A N � 6 h A � 6 À ( h A� 07, � 6  rh ½� � 6   À ( h ½ N � 6  rh ½ � 6   À ( h ½� 0 D£D 2 (32)

where��� is thenumberof bosons.Thetermsin theexponentof Eq. 32commutewith eachother,

sothedecompositioninto elementarygatesbecomesstraightforward. As anexample(seeFig.3),

we considera systemof two siteswith maximalonebosonper site ( ��� � �
). We needthen.�, � 
y� 0 �¤£

qubitsfor thesimulation,andEq. 27 implies that
� � ´ ( � � 4 h (_ � ( h (À and

� � ´w � � 4 h w_ � ( h wÀ .

Then,
] % Ú�� Ýi � þ À � Ýþ � i Þ s becomes���\�

, F[W� � 4 h (� � ( h (� � 4 h w�¸� ( h w� 0 ê
���\�

, F W� � 4 h (� � ( h (� � 4 h w � ( h w 0 ê
���3�

, F W� � 4 h ( � ( h ( � 4 h w� � ( h w� 0 (33)ê ���\�
, F W� � 4 h ( � ( h ( � 4 h w � ( h w 0 ê

���3�
, F[W� � 4 h ( � ( h (� � 4 h w � ( h w� 0 ê

�S�\�
, N F W� � 4 h ( � ( h (� � 4 h w� � ( h w 0ê ���\�

, N F[W� � 4 h (� � ( h ( � 4 h w � ( h w� 0 ê
���\�

, F W� � 4 h (� � ( h ( � 4 h w� � ( h w 0 2
wherethedecompositionof eachof thetermsin Eq. 33 in elementarygatescanbedoneusingthe

methodsdescribedin previous works [3, 5]. In particular, in Fig. 3 we show thedecomposition

of theterm

���\�¦¥ %§ � 4 h (� � ( h ( � 4 h w � ( h w� W�¨ , wherethequbitswererelabeledas ,7� 2 " 0ª©«� 
 . "ËN �
(e.g.,, � 2 � 0 ¹ �

).

On the otherhand,it is importantto mentionthat the numberof operationsinvolved in the

decompositionis not relatedto thedistancebetweenthesitesü and Â , asin thefermioniccase(see

sectionIII B). Sincetypical bosonicHamiltonians(like the onein Eq. 18) involve a numberof

termswhich scalespolynomially in � , their simulationcomplexity will scalepolynomially in �
and ��� .

V. MEASUREMENT: CORRELATION FUNCTIONS AND ENERGY SPECTRA

In previouswork [3, 5] weintroducedanefficientalgorithmfor themeasurementof correlation

functionsin quantumsystems.The ideais to make an indirectmeasurement;that is, we prepare

anancillaqubit (extraqubit) in agiveninitial state,theninteractwith thesystemwhoseproperties

onewantsto measure,andfinally we measuresomeobservableof theancilla to obtaininforma-

tion aboutthe system. In particular, we might be interestedin the measurementof dynamical
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correlationfunctionsof theform ¬
,XW>0 �i­/Ç�� ® ´ K ´% ® L � ÇS� (34)

where
K % and L � areunitaryoperators(any operatorcanbedecomposedin aunitaryoperatorbasis

as
K �pâ % u % K % , L �Åâ � � � L � ), ®Ä��] _ %rqts

is thetime evolution operatorof a time-independent

HamiltonianV , and
� ÇS�

is thestateof thesystemwhosecorrelationsonewantsto determine.If we

wereinterestedin theevaluationof spatialcorrelationfunctions,we would replacetheevolution

operator
®

by the spacetranslationoperator. In Fig. 4 we show the quantumnetwork for the

evaluationof

¬
,XWo0 . As explainedbefore[3, 5], the initial state(ancilla plus system)hasto be

preparedin the quantumstate
�l
 �`¯°��� ÇS�

(where
�

denotesthe ancillaqubit and
�l
Ë� � ± 4�² À ± ( ²³ w ).

Additionally, wehave to performanevolution (unitaryoperation)in thefollowing threesteps:i) a

controlledevolutionin thestate
�r�`�

of theancillaC-B
�����Ð�S­ �<�"�µ´B
 �r�`�S­;���"� L � , ii) atimeevolution®

, andiii) a controlledevolution in thestate
���Ð�

of the ancillaC-A
�^�����S­H� �[�¸K % 
 �����S­>�Ð�[�«´

.

Finally wemeasuretheobservable
­ . � ¯À ���i­ � ¯� 
 F � ¯ �æ� ¬

,XW>0 .
¶ ¶·¹¸ º°»¼½

¶·¹¸ º »¼

¾

¾

FIG. 4: Quantumnetwork for theevaluationof ¿ «X­H®°¯ÁÀ�ÂÃa Ä ´�Å ´% ÄÇÆ � Â c .
Ontheotherhand,sometimeswemightbeinterestedin obtainingthespectrum(eigenvalues) of

agivenobservable
�È

(i.e.,anhermitianoperator).A quantumalgorithm(network) for thispurpose

wasalsogiven in previouswork [5]. Again, thebasicideais to performanindirectmeasurement
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usinganextraqubit (seeFig. 5). Basically, wepreparetheinitial state(ancillaplussystem)
��
 ��¯d���Ì\�

, thenapply theevolution
] %
ÉÊ dSË n �c

, andfinally measuretheobservable
­ . � ¯À ,XWo0 � �Ì­ Ì3��]`_ %
ÉÊ s Ì\�

.

Sincethe initial stateof the systemcanbe written asa linear combinationof eigenstatesof
�È
,��Ì\�æ� Íâ6 & 45Í 6 �ÈÇ 6 � , whereÍ 6 arecomplex coefficientsand

� Ç 6 � areeigenstatesof
�È

with eigenvalue6 6 , theclassicalFouriertransformappliedto thefunctionof time
­ . � ¯À ,XWo0 � givesus 6 6�Î , 6 0 � ÍÎ 6 & 4 .[� � Í 6 � w G�, 6PNë6 6 0 T (35)

Without lossof generality, wecanchoose
�È � V , with V someparticularHamiltonian.

ÏÐÐÐÐÐÐÑ ÐÐÐÐÐÐÒ ÓLÔ5ÕÖ0×OØÙÛÚÜÝ Þ#ß
àâáSã#äå ßæ Ý çÇß

FIG. 5: Quantumnetwork for theevaluationof thespectrumof anobservable èé .

It is importantto note that in order to obtain the differenteigenvalues of
�È
, the overlapbe-

tweentheinitial stateandtheeigenstatesof
�È

mustbedifferentfrom zero.Onecanusedifferent

mean-fieldsolutionsof
�È

asinitial states
��Ì\�

dependingon thepartof thespectrumonewantsto

determinewith higheraccuracy.

VI. ALGORITHM EFFICIENCY AND ERRORS

An algorithmis consideredefficient if thenumberof operationsinvolvedscalespolynomially

with the systemsize and
�`ä I , where I is the maximal tolerableerror in the measurementof a

relevantproperty.
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While theevolution stepinvolvesanumberof unitaryoperationsthatscalespolynomiallywith

the systemsize(suchis the casefor the Trotter approximation)whenever the Hamiltonian V is

physical(i.e., is a sumof a numberof termsthat scalespolynomially with the systemsize),the

preparationof the initial statecould be inefficient. Suchinefficiency would arise,for example,

if the state
�ÈÇÉ�

definedin Eq. 8 or Eq. 30 is a linear combinationof an exponentialnumberof

elementarystates( ã ù 8 #
, with � the numberof sitesin the systemand

8ëêj�
). However,

if we assumethat
� ÇÉ�

is a polynomial(in � ) combinationof states,its preparationcanbedone

efficiently. This constructiongeneralizesto moregeneralcoherentstates[12]. On theotherhand,

themeasurementprocessdescribedin sectionV is alwaysanefficient step,sinceit only involves

themeasurementof thespinof onequbit,despitethenumberof qubitsor sites � of thequantum

system.

Errors I comefrom gateimperfections,the useof the Trotterapproximationin the evolution

operator, andthestatisticsin measuringthespinof theancillaqubit (sectionsIII B, IV B, andV).

A precisedescriptionandstudyof theerrorsourcescanbefoundin previouswork [3]. Theresult

is that the algorithmsdescribedhere,for the simulationof physicalsystemsandprocesses,are

efficient if thepreparationof theinitial stateis efficient, too.

VII. CONCLUSIONS

Westudiedtheimplementationof quantumalgorithmsfor thesimulationof anarbitraryquan-

tum physicalsystemor phenomenonon a QC madeof qubits,makinga distinctionbetweensys-

temsthataregovernedby Pauli’s exclusionprinciple(fermions,hard-corebosons,anyons,spins,

etc.), andsystemsthat arenot (e.g, canonicalbosons). For the first classof quantumsystems,

we showed that a mappingbetweenthe correspondingalgebraof operatorsandthe spin-1/2al-

gebraexists,sincebothhave a finite-dimensionalrepresentation.On theotherhand,theoperator

representationof quantumsystemsthat are not governedby an exclusion principle is infinite-

dimensional,andan isomorphicmappingto the spin-1/2algebrais not possible.However, one

canwork with a finite setof quantumstates,settinga constraint,suchasfixing the numberof

bosonsin thesystem.Then,therepresentationof bosonicoperatorsbecomesfinite-dimensional,

and we showed that we can write down bosonicoperatorsin the spin-1/2 language(Eq. 27),

mappingbosonicstatesto spin-1/2states(Eq. 26) .

We alsoshowed how to performquantumsimulationsin a QC madeof qubits(quantumnet-
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works),giving algorithmsfor thepreparationof the initial state,theevolution, andthemeasure-

mentof a relevantphysicalproperty, wherein themostgeneralcasetheunitaryoperationshave to

beapproximated(sectionsIII B,IV B).

The mappingsexplainedareefficient in the sensethat we canperformthemin a numberof

operationsthatscalespolynomiallywith thesystemsize.This impliesthattheevaluationof some

correlationfunctionsin quantumsstatesthatcanbepreparedefficiently is alsoefficient, showing

anexponentialspeed-upof thesealgorithmswith respectto their classicalsimulation. However,

thesemappingsareinsufficient to establishthatquantumnetworkscansimulateany physicalprob-

lem efficiently. As we mentionedin theIntroduction,this is thecasefor thedeterminationof the

spectrumof theHamiltonianin thetwo-dimensionalHubbardmodel[5], wherethesignal-to-noise

ratiodecaysexponentiallywith thesystemsize.

Finally, in Fig. 6 a tabledisplaystheadvantagesof simulatingsomeknown algorithmswith a

QCthanwith aCC,affirming thatQCsbehaveasefficient devicesfor somequantumsimulations.

ìîíâï1ð1ñ�òâó�ôöõ ÷ùøûú\ú#üùý�þîøÿ����������
	���
 ��������������
������
� 	���������
���� �"!$#$����%

!&�'	(����#)�+*,���'-�����%
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	(�
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FIG. 6: Quantumvs. classicalsimulations.Speed-uprefersto thegainin speedof thequantumalgorithms

comparedto theknown classicalones.
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